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Day 1, Q1

Let ¢q,ca, ..., ¢, be complex numbers. Define an n x n matrix Mby
M,‘j = CiCj

(a) Compute exp(M)

Solution. Write the matrix M using a singular value decomposition. Notice, we can also
write the matrix M as an outer product of complex numbers ¢ C'C*. The Taylor expansion
of M is then

M = I+CC"+ (C ¢) —=CC" + (CnC') cCcr +
C C
= I+M(I+( 5 ) I+...)
_ - (C.0)
= I+e%9M
)
(b) Find the eigenvalues of M
Solution. Now for the eigenvalue problem. The problem reduces to
c(cro) = xC
which has solution A = (C, C) of multiplicity 1, and A = 0 of multiplicity n — 1.
)
Day 1, Q2
Evaluate

}{F-dr,

where F = (z%y cos(x) + 2zysin(x) — y?e®, 2% sin(x) — 2ye®) and dr = (dz, dy), around the
hypercycloidal path

w23 L y23 = 23

Solution. Consider F = Pi + Q. Consider the partial derivatives %1; , 68(;?.
oP
— = z?cos(z) + 2zsin(r) — 2ye”
dy
0
8_Q = 2wsin(z) + 2 cos(z) — 2ye”
x



These two partial derivatives are equal, that is %—1; = g—g. Therefore, the vector field is

conservative. So, we know then that we can apply the fundamental thm. for line integrals,
that is 3f(x,y) s.t. F = Vf and fCF ~dr = f(rena) — f(7start). Let’s take a look at the
hypercycloidal curve.

Hypercyeloidial Path (a=4)

This curve is closed. Therefore, we have a conservative vector field being integrated over

a closed curve and so
7{ F-dr=0.
c

Day 1, Q3
Let A and B be 2 x 2 matrices such that

AB =2BA
Show that all eigenvalues of the matrix AB equal zero.

Solution. First, make use of the relationship det(aA) = " det(A) for A is an n X n matrix.
For this problem, take n = 2, a = 2.

Clearly, since AB = 2B A, the following is true
det(AB) = det(2BA) = 2*det(BA) = 4det(AB).

Therefore, we know that det(AB) = 0. Therefore, at least one eigenvalue must be zero. Since
the characteristic equation for the matrix AB is simple, we can solve for both eigenvalues
explicitly. The characteristic polynomial is

A’ — Tr(AB) + det(AB) = 0



which has solutions

A = %(Tr(AB) + \/T(AB) — 1det(AB))

Clearly, we have A_ = 0. For A\, = Tr(AB), we need that Tr(AB) is equal to 0. But we
know that, since AB = 2BA,

Tr(AB) = Tr(2BA) = 2Tr(BA) = 2Tr(AB)
Therefore, Tr(AB) =0 and Ay = 0.

Therefore, both eigenvalues of AB are zero.

Day 1, Q4

Show that [;° (Clojgff)l dr = Z(a+ 1)e™® for a > 0.

Solution. Start with the definition of contour for use in integration. The function f (2) =
% has two poles (both of multiplicity 2). Pick the contour C' to be the semicircle of
radius R — oo in the upper-half of the complex plane (i.e. we are enclosing the pole at

z =1). Now, the integral we are interested in is

1 eiaz 1

— dz = =2 i 1
5§ s — g2 R () (1)

where f(z) = %
The residue at z =7 is
1 d eiaz
R z=1 = T35 —i)? -
es:=i(/(2)) 1! dz(z 2 (z —9)2 (2 +1)?| _;

iae' % (z +1)% — €"%%2(z + 1)
(z+12)*
—4diae™® — 4ie”
16

z=1

Multiply by 7 to evaluate (1)

—diae™® — die™
miRes,i(f(2)) = mi——oC ¢

So we have the relation

%i (z—i)esz—i—i)QdZ = /OOO %daﬂ—iﬂ: f(2)dz




Now we just need that fm f(z)dz = 0. This is true through the application of Jordan’s
lemma.

Therefore
* cos(ax) T _
—————dr = - 1)e™®
/0 L T 4(a+ Je
)
Day 1, Q5
Solve the heat equation aa—lt‘ = D%, D > 0 for —oco < & < oo and t > 0, with the initial

—x2

condition u(z,0) =e

Solution. Use separation of variables u(z,t) = T'(t) X (x) to separate the equation

XT' = DTX"
T/ Xl/
e = _ = —>\
DT X
where A is a yet-to-be determined constant. This leads to the two equations
T = —-\DT
X" = -)\X

The solution of the equations are
T = B(\)e !
X = C(\) cos(VAt) + D(A) sin(v/At)
We desire a solution that is not diverging in time, so we require A > 0. Define k? = \.

Additionally, we know that our initial condition is an even function, therefore we only have
a contribution from the cos functions. Therefore, reduce the coefficients to be of the form

A(k) = B(k)C(k).
The solutions then have the form
u(z, t; k) = A(k)e ™ P cos(kx)

The full solution is the superposition (integral) of all such solutions k£ > 0, that is
u(z,t) = / A(k)e ™ Pt cos(ka)dk
0

Alk) = l/oo e cos(kx)dx

m 00

where the A(k) come from the initial condition u(z,0) = e~*". We can make the claim about
the A(k) since e=*” is smooth over all of R and integrable, that is ||e~*||; < oo. The 1/7 is
a normalization factor. Therefore, the final solution is

u(z,t) = %/OOO (/m e cos(kx)dx) cos(kxz)dk

oo

Some further reduction is possible but seemingly unnecessary.
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Day 1, Q6

Find the sum of the series Y >, :F:fxl))

Solution. Notice that |sin™ z| < 1. So, there is a good chance that we can use the geometric
series relationship

o . 1
;T :1—7“

in some way.

Differentiate the expression on the LHS to get (make the substitution r = sinz)

d? i r’” B = &2 r’
dr? nin—1) dr?n(n —1)
n=2 n=2
-y
n=2
o0 . 1
SV
1—r
n=0

So, to find the desired sum, integrate twice. That is

1
/ 1 dr = In(l —r) integrate again (by parts)
—r

/ln(l —r)dr = (1-r)(In(1—-7r)—1)
Substitute back sinz = r

N M = —sinz)(In(l —sinx) —

n=2

and we’re done.

Day 1, Q7
Let C), > 0 and define

f(z) = Z Cpz"
n=0
for 0 <z <1 (f(z) may be infinite). Prove that

00 o0 Cn
/0 f(z)dz = HZ:O -

where the equality means either both sides are +o0o or both sides are finite and they are
equal.




Solution. Consider the sequence of partial sums g(x) = 22:0 Cpx™.

sequence gx(r) is monotone increasing. So, by the MCT

1 1
/ flz)de = / klim Z Cpa"dz
0 0 "o

Day 1, Q8

Consider the n x n “tri-diagonal” matrix

c a 0 0 0 b
b ¢ a 0 0 0
0O b ¢ a 0 0
0 STl T 0
0 0 b ¢ a 0
0 0O 0 b ¢ a
a 0O 0 O b ¢

n

For x € (0,1), the

where a, b, and ¢ are real constants. Find the eigenvectors and eigenvalues of this matrix.

Solution. This is a special matrix with well known eigenvalues/vectors. The eigenvalues

are the n'" roots of unity

.
)\m = € wr’im
and eigenvectors
i 271 —1
W™ = (1 e T

Day 1, Q9

Here is an initial value problem:

y =Xy, NeC,t>0
y(0) = yo.



Consider two cases for the value of the parameter A: (a) A = —107% (b) A = i. In case (a)
the solution decays exponentially at a slow rate; in case (b) it is oscillatory with constant
magnitude. The task is to analyze two numerical methods:

(1) The implicit Euler method y,+1 = y, + AtAy,41. Take At = 0.1 and consider the
limit n — oo. Discuss case (a). Discuss case (b). In each case compare the behavior of the
numerical method with the behavior of the differential equation.

Solution. Find the relation of ¥, in terms of y(0) = yo

Untr(1 = AAL) =y, (2)
Y

= Y1 T Ty (3)
Yo

= N 4

(1 —AA)» 4)

For case (a), A = —107%, At = .1. The above relation (4) becomes

= —yo

which decays slowly in time (as n — 00). This is in agreement with the ODE and expected
behavior of the solution.

For case (b), relation (4) becomes

Yo
(1—.19)"
yo(1 4+ .14)"™

(1+.01)"

Yn+1

which decays in time. This behavior is not indicative of the solution to the ODE, which does
not decay in time.

We should conclude that method (1) works for case (a), but not so well for case (b).

L

(2) The trapezoidal method y, 11 = ¥, + %)\(yn + Ynt1). Take At = 0.1 and consider the
limit n — oo. Discuss case (a). Discuss case (b). In each case compare the behavior of the
numerical method with the behavior of the differential equation.

Solution. The relationship for y, 1 in terms of yq is

1+ 2A8\"
. 5
Yn+1 (1_%”) Yo (5)

For case (a), relation (5) becomes

[1-5-10711\"
Ynit = \145.10-11)

7



which, again, decays very slowly. The decay is even slower than that in implicit Euler.

For case (b), relation (5) becomes

1+ E\"
Ynt+1 = (1 21»0) Yo
T 20
The expression being raised to the n has mod 1. Therefore, there will be no decay in time.
This behavior is commensurate with that of the analytic solution to the ODE.

&

Day 1, Q10

The Green’s function for

is given by G(z,y) = z(y — 1) for z < y and by G(z,y) = (z — 1)y for x > y. Construct the
Green’s function for

u'(z) = f(z) = e€]0,1]
u(0) =0
fol u(z)dx =0

Solution. Start with the solution to the homogeneous eqn u”(x) = 0, which has solution
u(z) = Cx + D, for some constants C, D. The Green’s function of the ODE is

w(wy) = W HUY) 0<e<y
| cy)r+dly) y<z<l1

Apply the boundary condition «(0) = 0 to find that b(y) = 0. Apply continuity condition at
x =y to get the relationship

uc(z;y) —us(z;9) = 0
a(y)y = cly)y+d(y)
— d(y) = (cly)—aly))y

Apply the jump condition at x = y to get the relationship

dus  duc

== 1

dx dx

=y

= (cly) —aly))

— cly) = (1 —aly))

8



Now, finally, apply the second boundary condition to solve for a(y).

/Olu(x)dx _ /Oyu<(x)dx+/ylu>(x)dx

3 1
= sy +y+sa+)=0

2 2
= a = 3P —-2y—1
Now we use a(y) to solve for the other coefficients. Combining all of this information gives

aly) = 3y*—2y—1

bly) = 0
cly) = —3y*+2y+2
dly) = vy

Therefore, the solution is

(3y* —2y — Lz 0<z<y
u(ryy) = )
(=3y°+2y+2)r+y y<ax<l1

Day 1, Q11

Solve the nonlinear integral equation

1 /1
va) =1+ [ e
0

Solution. The solution must be of the form y(z) = C for some constant C' since y is equal
to a constant + its integral over a fixed interval. So, solve

1

C = 1+ZC2(1—0)
1

= 14+ -C?
1

= (C = 2

[ 3
Day 1, Q12

Let C([0,1]) denote the set of real valued, continuous functions on [0, 1]. We define two

norms on this set:
T e

1 flle = sup [f(z)|

z€[0,1]
Let U ={f € C([0,1]) : f(z) > 0 Va}.
(a) Is U open in the || - ||; topology? Justify your answer.

9



Solution. To be open in the || - ||; topology means that for all elements s € S Je s.t.
B(s) C S.

The answer to the above question is false. We construct the necessary counterexample by
finding a function g s.t. ||g — f||1 < ebut g ¢ U.

Consider f(z) =1 > 0. Clearly, f(x) € U. Consider the function

(z) %x—l 0<zx
gj =
g 1 s<z

IA A
—_ N

for any € > 0. The 1-norm reduces to

4
lo= sl = [ 2= Zods
0

However, g(z) < 0 for z < ¢/4,s0 g ¢ U.
Therefore, U is not open in the || - ||; topology.
(b) Is U open in the || - || topology? Justify your answer.

Solution. The answer to the above question is yes. Consider an arbitrary f € U and
consider the unit ball around f of radius €, that is

Be={9lllg — flle < €}

Let m = mingepq) f(x). If € <m, then ||g — f||o < € means min,ejo,1) g(x) > m —e > 0. So,
g(z) > 0 for all z € [0, 1].

Therefore, for all f € U there exists an € > 0 s.t. B(f) C U.

s
Day 2, Q1
Find the leading order term in the asymptotic expansion of
I'(k+1) :/ e~ tthat
0
as k — +o0.
Solution. Skipped.
&
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Day 2, Q2

Find a curve which is a critical point of the following functional

1
1 dy
F — VAV / / d I -
(y) /O(Q(y) +yy +y) vy =
when the end points y(0) and y(1) are not specified.

Solution. Consider the variation of F(y), 0F = F(y + dy) — F(y).
of | rof d [of
9 97 L8 ) sya
" 55~ s () e
where f(z,y.9) = 3(')* + vy’ + "

Yy’
A critical point is where 0F = 0. To achieve this, first we require

of  d [Of

oy  dr\dy )’
This gives us the differential equation we wish to solve. Plugging in the information for f,
we have y” = 0, or y(x) = ax + b for some yet to be determined constants a,b. The second

condition we need to exploit involves values on the boundary. Since we do not know the
values of the end points, we require

of
oy’

5F:’

af

— =0.
oy’

r=1

=0

Combine this information with y(z) = ax + b to get the conditions on y

2a+b+1 =
a+b+1 = 0
SO
=0
b = —1
which gives us the solution
y(r) = -1

is a critical point of the functional F'.

11



Day 3, Q3
For a > 0, define

Z / mma@

where @(z) is in S, the Schwartz space of test functions. Continuous linear functionals on
S are called tempered distributions.

(a) Show that T, is a tempered distribution.

Solution. Linearity is obvious; since the integral and the sum are both linear operations.
We need only show continuity.

Start with the family of seminorms

Gm(P) =Orgaxksup\:L“Imlcz5 ()|

We would like to bound |7}, (¢)| by some combination of these seminorms that stays finite.
This will show boundedness and thus continuity.

no = 3 [ i

n=—oo

— / ¢(£B>d$+z%/w
_ / m{ |_oo+i/z ei“gb'(%)du}

We use the notion that ¢ € S means ¢ and its derivatives decay faster than any power of x.

Look at the first integral:
> ¢(x)
(;5 )dx + S —dx
x

[t = [

< 2o, 0(¢) + 2q0,0(

The second integral becomes

G [ eva] = ST et

n#0 n#0
w2
S IEy
7 an
2¢2,1(0) +2q0,1(0)
= EZ n2
n#0

12



The last series converges by the p-test. Therefore, we have

T.(0)] < 2aa() + () + 5 3 LA 000

2
n
n#0

Therefore, T,(¢) is continuous.

Therefore T, is a tempered distribution.

)
(b) Find lim,_., T}, in the sense of tempered distributions.
Solution. As a — oo, the sum in the above expression for T, goes to zero. Therefore,
lin 7,(0) = [ o(opds
This is the limit distribution.
)

Day 2, Q4
Let f(x) be a function on R and A > 0. Define
(@) = f(Ax).
For what values of p (1 < p < 00) is it true that

}\HI% |f>\ - f|p = 07 vf S LP(R7 dﬂf)

For each p you should either prove the statement is true or give a counterexample.
Solution. First, we need to make use of the following fact:

Definition. The set of smooth functions with compact support is dense in LP(R) for 1 <
p < oo. That is, for some € > 0 there exists ¢ € C°(R) s.t. ||¢p — f||, < € for all f € LP(R).

Consider the p-norm

=Nl = [I(f = @) + (&= dr) + (oa = fillp
< lf = ¢llp + [lo = oallp + l[ox = filly

Using the Definition, we can always find a smooth function ¢ close enough in LP norm s.t.
I|f = &ll, < €/2 and ||¢x — fall, < A7'e/2. Now we need to look at the second integral

o0

16— oallr = /_ 16(x) — d(\2) P

o0

13



This integral is clearly bounded, since |¢(x) — ¢(Ax)| < 2max, [¢|1_g,r. So, by the DCT,
we can move the limit inside the integral and clearly the integral goes to zero. Therefore,

i [[f — flly < e/2+¢/2=¢

For p = oo, we don’t have the density property from the Definition. In fact, the desired
result no longer holds. A good counterexample is the Dirichlet function.

Day 2, Q5
In this problem we consider a discrete space variable that ranges over n equally spaced
points z; = jh in the unit interval, where h = 1/n, and j = 0,...,n—1. The space [* consists

of real functions on these points with the inner product (f,g) = Z;’:—ll f(xj)g(x;). The
difference operators are D, f(z) = (f(z + h) — f(z))/h and D_f(x) = (f(x) — f(x — h))/h.
In this context, we regard x,_1 + h = x9 and xo — h = x,_1. Note the adjoint relation
(D+f7 g) = _(fa ng)

In the problem the variable u depends on the discrete space variable and on continuous
time ¢t > 0. It is to compare stability properties of two schemes for differencing in the space
variable. The central difference scheme is

d 1
L aZ[Dy+ D Ju=bD,D_u. (6)
dt 2
The scheme with the advection term treated with the upwind method is
d
d—? +aD_u=0bD,D_u. (7)

The parameters are taken so that the coefficient of the advection term is a > 0, while the
coeflicient of the diffusion term is b > 0.

(1) Find the parameter values for which the solution of (6) conserves [* norm as ¢ increases.
Find the parameter values for which it diminishes /> norm as ¢ increases.

Solution. Multiply both sides of (6) by u and regroup terms

1d(u)2+2(p+u)ug(p_u)u — W(DyD_u)u

2dt 2
d n—1 n—1 n—1 n—1
= = Z u* = 2b Z(D+D_u)u —a Z(D+u)u —a Z(D_u)u
n=0 n=0 n=0

n—1
d a

— S(u,u) = 2bZ(D+D_u)u—g(—(u,p_u))_5

n=0

(D_u,u)

n—1
= 2b HZ;(DJFD_u)u + g(D_u, w)

= 2b(DiD_u,u)

a

2(D_u, u)

If b = 0, then the 2-norm is unchanging in time. Otherwise, we would require constraints on u
to make (D D_u,u) = 0. Additionally, the 2-norm cannot be negative unless (D D_u,u) <
0, as b cannot be negative by assumption.

14
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(2) Find the parameter values for which the solution of (7) conserves [? norm as ¢ increases.
Find the parameter values for which it diminishes {?> norm as t increases.

Solution. Following the steps from part (1), we have the relation

%(u, u) = 2b(DyD_u)u — 2a(D_u,u)

_ a(D_uu) 4 _ a(D_uny) d
If b = —(DJFD,u,u)’ E(U,U) = O If b < m, E(U, U) < 0

Day 2, Q6

In the solution of z(¢) = 0, y(¢) = 0 of the nonlinear system

T=-x+y+uxy
j=r—y—a*—y
globally stable? (Hint: Consider the distance from the origin.)

Solution. Take the hint. Consider
d

a(yc2 +y%) = 2wi+2yy

2u(—x +y +ay) +2y(x —y —2® —y°)
= —22% 4+ 2y + 2yx — 2* — 2ya? — 2"
= 2x-y?*-2°<0
All solutions to the system of ODEs will approach the z(t) = y(t) = 0. So, the solution is
globally stable.

&
Day 2, Q7

For —1 < p < 0 the following integral exists, and its value may be computed by contour
integration to be

/°° 2+ T
dz = — .
o l+=z sin(—mp)

This fact is relevant to the following problem.

Consider the linear operator:

defined on L'(R*, 14%).

1. Find eigenfunctions and eigenvalues of I'.

15



Solution. Set up the eigenvalue problem for this operator

I'o(z) = Ao(z)

L aiC))
- d
o0 = 5| oy
1 o0
Y 0 {bf)% dy change variables u = y/x
_ Lot
Ao 1+u

Take the hint, that is use eigenfunctions ¢(zu) = zHu*.
oh [y

T d
* NSy 1ru™

- ()

T
sin(—mpu)

SO

A pr—

Therefore, we have the eigenfunctions ¢(z; ) = 2 with eigenvalues A\, = sm(WT,u)

2. Is I' a bounded operator? Explain.

Solution. I" is unbounded. Consider the relation |[I'[[; > sup,{A,}. For this problem, the
eigenvalue spectrum is unbounded for y any integer. Therefore supu{)\u} = oo. Therefore,
I" is an unbounded operator.

)

Day 2, Q8

Let f(z) be a periodic function on [0, 27] with the standard Fourier series

f(z) = Z(an cos(nz) + by, sin(nz))

n

If f(x) satisfies the Holder condition
[f(@) = f)l < Mz —y|* 0<a<1

show that the Fourier coefficients satisfy
an <M, by <M
ne ne
Hint: Given that f is periodic, consider the properties of f(z + 7).
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Solution. Consider the relation for a,,,

s
d
a, = f(z) cos nw
- m

N d
= fle+m/n) cos(n(x—i—w/n))?x
= f(:t:—l—ﬂ/n)[cosn:t:comr—sinnxsinw]—x
- m
N dx
= f(z + m/n) cos nx cos m—
7T

—T

Add the two expressions and take the absolute value

g d
20a,| < / |f(x +7m/n) — f(x)||cosnx|—w but cosnz < 1Vz
m

()
T n

T

— |a,| < M| -
n
7TCY

== qa, < M(—)
n
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